Abstract-This paper proposes a head-positioning controller design for hard disk drives using multirate sampled-data H ∞ control theory. Two types of upsampling-by-2 controllers have been derived by solving a mixed sensitivity problem, one is with exogenous inputs at the plant input side (Type A) and the other is with those at the plant output side (Type B). The controlled plant used here has a mechanical resonance at a higher frequency than the Nyquist frequency, which is the half of a sampling frequency of controllers. As a result, it has been confirmed that Type A controllers are robust against aliasing of the mechanical resonance and that Type B controllers, which have the same features as conventional digital controllers using analog notch (band-eliminated) filters, attains a wider control bandwidth than that of Type A. Although the control system is affected by the resonance aliasing, a Type B controller has achieved higher positioning accuracy than that of Type A in a benchmark simulation of a hard disk drive with dual-stage servo mechanism.
I. INTRODUCTION
Sector servo systems are commonly used for head positioning control of hard disk drives (HDDs). In the sector servo system, servo marks that are used for head position measurement are embedded in the disk platter where user data are also written. This means that more servo marks make servo performance higher, but also make the user data area reduced. Thus, it is a challenge to meet servo specification of HDDs keeping the number of servo marks as small as possible.
Sampled-data control [1] - [4] has come to be widely used in practical applications in last decade, and it is said that sampleddata control, which can design control systems taking into consideration inter-sampling performance, is suitable for sector servo systems of HDDs because it is very important for the HDD servo systems to assure tracking performance between sampling periods [5] . When it comes to the issue of sampling period, multirate control has been used from the early days after digital control had been introduced for HDD servo systems. One of the most practical examples of multirate control is using analog or upsampling-digital notch (bandeliminated) filters to remove specific components induced by mechanical resonance, the frequency of which is higher than the Nyquist frequency ( Fig. 1) .
This paper discusses the relation between conventional control systems using upsampling notch filters like a system as shown in Fig. 1 and new ones based on multirate sampled-data control theory [6] - [10] . Then, two types of controllers, which are designed by using multirate sampled-data H ∞ control theory for a controlled plant under an influence of mechanical resonance beyond the Nyquist frequency, are compared with single-rate control systems also derived by sampled-data H 
and the real controlled plant is modeled as
where n L is a DC gain,
. The reason why a PZT is chosen as a plant is that it is not only a promising actuator for HDDs but also is easy to be affected by aliasing of mechanical resonance and is suitable to clarify the difference of controllers. The resonance frequency is selected higher than the Nyquist but lower than the sampling frequency of controllers. Fig. 2 shows frequency response of the both nominal and real plant models. Referring to Fig. 3 
B. Mixed Sensitivity Design Based on
is to be less than or equal to γ. The controller K is given by solving an equivalent discrete H ∞ control problem where the original L 2 induced norm satisfy the condition when the discrete l 2 induced norm is also satisfy the condition [13] .
Actual controllers were derived under a flame work of mixed sensitivity problem, the generalized plant of which is defined as Fig. 4 , where t W is a weighting function for complementary sensitivity function and also for robustness against multiplicative modeling error between (1) and (2 
In designing, a weighting function for sensitivity function is also introduced as follows: 
). Fig. 5 shows frequency responses of both controllers from the signal before sampling to the signal after zero-order holding. In the 12kHz sampling case, two notches are structured at 3kHz and 9kHz to prevent aliasing of 9kHz mechanical resonance. As shown in Fig. 6 , the resulting performance in 24kHz sampling was better than that in 12kHz sampling, and the achieved α was 500Hz for 12kHz sampling and 2.0kHz for 24kHz sampling. These values of α are benchmarks for multirate control. 
III. MULTIRATE SAMPLED-DATA H
∞ CONTROL
In this section, two upsampling-by-2 multirate controllers are derived by a method proposed in [4] [6] .
Outline of designing multirate sampled-data H ∞ control in [6] is as follows: a) define a time-valiant single-rate controller 1
where h is the greatest common divisor of sampling periods and holding periods. c) derive a lifted system by σ (Fig. 8) , which is the least common multiple of sampling periods and holding periods, and finally d) solving the discrete H ∞ control problem to derive a stable lifted controller
for the system depicted in Fig. 8 under a condition of causality, where the controller is now time-invariant. Fig. 7 . Single rate system with a sampling period of h. 
A. Sampled-Data H
∞ Control Without Constraint of Causality A control problem for sector servo systems for HDDs considered here is a kind of oversampling problem where sampled data at lower period σ are output by higher period h after upsampling. This means that it is not necessary to worry about the causality constraint because under the oversampling structure, there is essentially no chance to use the sampled data before the sampling is done. In this section, a simplified design method based on the above mentioned method without the causality constraint is proposed for oversampling sector servo systems of HDDs. In the rest of the paper, the lower rate
and the higher one
was consistently used, and designed controllers change control input twice every h T , i.e., output 1 u and 2 u during s T . Controllers are derived by the same mixed sensitivity design as in Section II using the same weighting functions as (4) and (6) . Two generalized plant is used in designing. One is based on the same generalized plant as Fig. 4 , where an exogenous disturbance is input before the controlled plant (referred as Type A). The other is based on that in Fig. 9 , where an exogenous disturbance is input after the plant (referred as Type B).
in Fig. 9 plays two roles although the filter cannot be located at that position in real systems. One is to cut off a direct pass via t W from a technical reason, and the other is to be a substitute for an actuator driver. Please note that the filter bandwidth of 20kHz has no affect on aliasing regarding 9kHz mechanical resonance.
According to a method in [13] , a generalized plant of an equivalent discrete H ∞ problem is defined as
and the four transfer functions of (8) 
Then, corresponding lifted systems at s T are given by 
Now, consolidating (10) -(13) into one generalized plant at the sampling period of s T to solve a discrete H ∞ problem, a desired lifted controller with 1 input and 2 outputs (oversampling-by-2) can be calculated. Fig. 9 . Generalized plant with a filter at its output side.
B. Design Result for Multirate Controller
The achieved α was 600Hz for Type A and 1.2kHz for Type B, and the value of α of Type A was not significantly improved compared with the case in single-rate 12kHz sampling in Section II. To compare the design results in ) (s F f frequency domain, frequency responses of multirate control systems were derived by using polyphase expression.
A realization of a multirate controller with 1 input and 2 outputs is defined as 
and the polyphase expression of (14) (15) where z in (15) is at 24kHz although z in (14) is 12kHz. Then, a frequency response from the continuous input signal before sampling at s T to the continuous output signal after holding at 
Frequency responses calculated by (16) can be compared with those for single-rate systems. Frequency responses of multirate controllers were calculated by (16) and are shown in Fig. 10 . The controller of Type A is to assure robust performance against the exogenous input before the plant. As a result, a notch was generated at 3kHz as well as at 9kHz to prevent aliasing of 9kHz mechanical resonance, and the value of α is not so improved compared with the single-rate case of 12kHz. On the other hand, the controller of Type B has only one notch at 9kHz because of the loosened robustness requirement for the exogenous input after the plant. Thus, the resulting frequency response of Type B sensitivity function was better than that of Type A (Fig. 11) .
The controller of Type B is similar to the typical conventional controllers using a notch filter at the mechanical resonance frequency, and this suggests that conventional controllers could be systematically designed by using multirate sampled-data H ∞ control framework of Type B. From a view point of positioning accuracy, it is quite often the case that Type B achieved higher performance than Type A, but it should also be noted that there is no assurance in Type B for the robustness against aliasing once the resonance is excited by exogenous disturbances before the plant as usual as in the conventional case. 
C. Identification of Frequency Response of Sensitivity Function for
Multirate Control System It is difficult to evaluate the influence of aliasing as far as frequency responses are calculated by (16) via polyphase expression as shown in Fig. 11 . In this section, frequency responses derived by spectrum analysis method are discussed.
Frequency responses of sensitivity functions for both from 1 d to 1 e and from 2 d to 2 e in Fig. 12 can be calculated by estimating power spectrum density dd Φ of the input signal and cross spectrum density de Φ of the input and output by simulation. Namely, the estimated frequency response is given by ) (
In the simulation, in which a white noise is added as an exogenous signal, the sampling rate of the simulated exogenous signal was 40kHz, and spectrum density was calculated by Welch's method. Frequency responses derived by (18) are depicted in Fig. 13 (solid line) compared with those by polyphase method (dashed line). As expected, the frequency response only from 1 d to 1 e was under the influence of aliasing that could not be observed in those by polyphase method. In evaluating frequency responses of multirate systems, it is important to pay attention to where dominant disturbances are input to the control system. Calculation of frequency responses of multirate system are detailed in [14] [15]. 
IV. SIMULATION RESULTS OF DUAL-STAGE SERVO SYSTEM OF HERD DISK DRIVE

A. Simulation Conditions
In this section, two single-rate controllers derived in Section II and two multirate controllers in Section III are evaluated by simulation of a dual-stage servo system of an HDD [11] [12] . Fig. 14 shows a schematic mechanical system simulated here, and the block diagram of the whole control system is depicted in Fig. 15 . The mechanical system consists of a carriage arm actuated by a voice coil motor (VCM) around a pivot, and a head gimbal assembly (HGA) precisely actuated by a PZT actuator. The controlled plant discussed in the previous sections corresponds to that from the PZT input to the head position without the VCM loop, the frequency response of which is shown in Fig. 2 . The VCM carriage arm system were modeled as a double integrator with mechanical resonances. The dual-stage servo system is controlled by a master-slave system, where the PZT actuator achieves highly-accurate head positioning and the VCM system regulates relative distance between the HGA and the carriage arm so that the carriage arm can track the HGA displacement to compensate the short moving range of the PZT.
In time simulation, the above designed four controllers were implemented as the controller C 2 in Fig. 15 , and a lead-lag filter with an integrator was used as C 1 to control the VCM for coarse positioning control. Typical four kinds of disturbances in HDDs as shown in Fig. 16 were added to the control system during the simulation. The disturbances were modeled by identification of a 3.5inch HDD and consist of (a) repeatable run-out, (b) non-repeatable run-out, (c) measurement noise and (d) windage [16] - [18] . 
B. Simulation Results
For evaluation, the 3σ value was calculated by using position error signal (PES) sampled at 40kHz to evaluate intersampling behavior of the PES although the PES for the control purpose was sampled at 12kHz. Fig. 17 shows the simulation results, i.e., the power spectrum densities and the 3σ of PES attained by four controllers. The results showed that Type A, which had a notch at 3kHz as well as that at 9kHz, was robust for aliasing of a mechanical resonance at 9kHz and improved the positioning accuracy, i.e., 3σ of PES by 11% compared with the single-rate controller of 12kHz. It was also shown that Type B, which is similar to conventional controllers with a notch filter, was affected by the aliasing, but the positioning accuracy was higher than that of Type A, which was improved by 21% compared with the single-rate controller of 12kHz. It was almost all the same as that of the 24kHz single-rate case. Thus, when designing controllers via sampled-data H ∞ control, it is important to carefully examine sources of the positioning error, and it has been confirmed that Type B as an extension of a conventional method is effective in the case that disturbances before the plant like a windage are small. 
V. CONCLUSION
This paper proposed a head positioning controller design for hard disk drives using multirate sampled-data H ∞ control theory. Two types of upsampling-by-2 controllers have been derived by solving a mixed sensitivity problem. One is with exogenous inputs at the plant input side (Type A), and the other is with those at the plant output side (Type B). Simulation results for a dual-stage servo system of an HDD showed that Type A controllers are robust against aliasing of the resonance and that Type B controllers, which have the same features as conventional digital controllers using notch (band-eliminated) filters, attains a wider control bandwidth than that of Type A. Although the control system of Type B is affected by the resonance aliasing, a Type B controller has achieved higher positioning accuracy than that of Type A in the simulation.
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